Abstract. Let R and S be two operators on a Hilbert space. We discuss the link between the subscalarity of RS and SR. As an application, we show that backward Aluthge iterates of hyponormal operators and p-quasihyponormal operators are subscalar.
Introduction.
Let H be a Hilbert space and L(H) be the algebra of bounded linear operators on H. We write σ(T ) for the spectrum of T .
In [14] , M. Putinar showed that a hyponormal operator has a scalar extension which means that it is similar to the restriction to an invariant subspace of a (generalized) scalar operator (in the sense of Colojoarǎ-Foiaş). This was extended to w-hyponormal operators by E. Ko [10] .
A bounded linear operator S on H is called scalar of order m if it has a spectral distribution of order m, i.e., if there is a continuous unital morphism of topological algebras Φ : C m 0 (C) → L(H) such that Φ(z) = S, where as usual z stands for the identical function on C and C m 0 (C) for the space of compactly supported functions on C, continuously differentiable of order m, 0 ≤ m ≤ ∞. We mention that here we will identify any function with its values in a neighborhood of the spectrum of S. An operator is subscalar of order m if it is a restriction of a scalar operator of order m. It is known that subscalarity of order ∞ is equivalent to property (β) [7, Proposition 3.3] .
A Banach space operator A ∈ L(X ) has property (β) if, for each open subset U of the complex plane C, the operator A z : E(U, X ) → E(U, X ) defined by A z (f ) = (A − z)f from the Fréchet space E(U, X ) of X -valued C ∞ -functions into itself is one-to-one and has closed range. Property (β) implies (Bishop's) property (β), where an operator A ∈ L(X ) is said to have property (β) if, for each open subset U of C, the operator
from the Fréchet space O(U, X ) of X -valued analytic functions on U into itself is one-to-one and has closed range. Properties (β) and (β) play an important role in local spectral theory and related topics. For further information, see [1, 6, 7] and [13] .
Let D be a bounded open disc in C and dµ(z) the planar Lebesgue measure. We shall denote by L 2 (D, H) the Hilbert space of measurable functions f : D → H such that 
given by multiplication by f . It has a spectral distribution of order m, defined by the functional calculus
Thus, M z is a scalar operator of order m. We proved in [4] that for two given operators R and S, the operators RS and SR share the same local spectral properties (SVEP, (β), (β) , etc.) and almost all their global spectral properties.
In this paper, we consider intermediate properties between SVEP and property (β) involving Sobolev spaces. We then investigate the behavior of RS and SR with regard to these properties.
As an application, we give various results on Aluthge transforms and backward Aluthge iterates of hyponormal operators and p-quasihyponormal operators.
Notice in passing that such an application provides a simple approach to obtaining subscalarity of many classes of operators. Similar results are given in [9, 11, 12] . Proofs in the previous papers rely heavily on some L 2 -version of the following lemma due to Xia, which can be found for example in [9] .
It is however not clear for us how such an L 2 -version could be applied.
Subscalarity of RS and SR.
Using the Cauchy-Pompeiu formula, M. Putinar proved in [14] the lemma below for i = 0, from which one may deduce easily the following form:
We shall also use the following well known fact (see [14] ):
In [4] , we proved that for two given operators R and S, the operators RS and SR have the same local spectral properties, in particular, the singlevalued extension property (SVEP). The following result shows that we have an analogue of the SVEP for Sobolev spaces. Proposition 2.3. Let R and S be two operators on H and let D be a bounded disc containing σ(RS)∪{0}. Then RS−λ :
Proof. It is clear that by symmetry, it is enough to prove the statement in one direction. Assume that RS − λ is one-to-one. If f ∈ W 2 (D, H) is such that (SR − λ)f = 0, then (RS − λ)Rf = 0. By hypothesis, Rf = 0. Thus λf = 0. Consequently, λ∂ i f = 0 for i = 1, 2. Using Lemma 2.1 with T = 0, we get f = P f . Then λf = λP f = 0. But, from [5, Corollary 10.7] , there exists a constant c > 0 such that
Let us introduce the following definition.
Definition 2.4. Let A be an operator on H, and m and p two integers such that 0 ≤ p < m. We shall say that A has the property (β m,p ) if there exists a neighbourhood U of σ(A) such that for every bounded disc D containing U, the map A − z :
Let us write (β m ) for (β m,0 ), and (β ∞ ) for m∈N (β m,0 ).
(ii) (β m ) implies that the map in question is bounded below.
Proposition 2.6. If T is a hyponormal operator then T has the property (β m,2 ) for every integer m ≥ 2.
Since T is a hyponormal operator, we have
Using Lemma 2.1, we get lim
This combined with (1) gives
But T has Bishop's property (β). So, using Lemma 2.2, we get
and by (2) , lim
This means lim n→∞ f n W m−2 = 0.
In contrast with the SVEP, Bishop's property (β) and the property (β ), we show here that RS and SR do not share exactly the same property (β k,l ).
Proposition 2.7. Let R and S be two operators on H. If RS has (β m,p ) then SR has (β m,p+2 ).
From the definition of the norm of the Sobolev space, we deduce (3) lim
By applying R, we obtain
Since RS has the property (β m,p ), we get
Applying S, we have
We then deduce from (3) We also have Proposition 2.8. Let R and S be two operators on H and let D be a bounded disc containing σ(RS) ∪ {0}. Assume that RS has the property (β m−1,p ) for some m ≥ p + 2. Then the map V : H → H(D) defined by
is one-to-one and has closed range, where 1⊗h denotes the constant function sending any z in D to h, and
From the definition of the norm of the Sobolev space, we deduce
By applying R, we have
which means that
Since we have assumed that RS has the property (β m−1,p ), we have
Putting this in (9), we get lim
Now, using Lemma 2.1 with T = 0 and i = 0, we obtain (remember that m ≥ p + 2, thus m − p ≥ 2)
From (11) and (10) 
By Cauchy's theorem, 1 2πi
and so lim n→∞ h n = 0. We conclude that V is one-to-one and has closed range.
Theorem 2.9. Let R and S be two operators on H. If RS has the property (β m−1,p ) for some m ≥ p + 2, then SR is subscalar of order m. Proof. Let V : H → H(D) be the operator considered above, defined by V h = 1 ⊗ h, where 1 ⊗ h denotes the constant function h. Then V SR = M V . In particular, ran V is an invariant subspace of M . Since V is one-toone and has closed range by Proposition 2.8, SR is a subscalar operator of order m.
3. Some applications 3.1. Aluthge transforms. For a bounded operator T on H, let U |T | be its polar decomposition, where |T | = (T * T ) 1/2 and U is the appropriate partial isometry. The Aluthge transform of T is the operator T = |T | 1/2 U |T | 1/2 and was first considered by A. Aluthge to extend some inequalities related to hyponormality ( [2] ).
For t ∈ ]0, 1[, the generalized Aluthge transforms of T are the operators T (t) = |T | 1−t U |T | t . Note that the Aluthge transform is T (1/2).
Observe that the generalized Aluthge transforms obey the "RS-SR" principle, since if we put R = |T | 1−t and S = U |T | t , we have RS = T (t), while SR = T . Therefore, we immediately get the following corollary.
Corollary 3.1. Let T be an operator on H. If T (t) has (β m,p ) then T has (β m,p+2 ).
In particular (when p = 0), we retrieve the following result. 
Backward Aluthge iterates of hyponormal operators. An operator
The Löwner-Heinz inequality implies that if A is q-hyponormal then it is p-hyponormal for any 0 < p ≤ q. It is known that if T is p-hyponormal (p > 0), then T is semi-hyponormal and T is hyponormal. T is said to be w-hyponormal ( [3] ) if | T | ≥ |T | ≥ | T * |, so T is semi-hyponormal if T is w-hyponormal. It is also known ( [3] ) that p-hyponormal (p > 0) operators are w-hyponormal.
Consider the iterated Aluthge transforms of T defined by T (n) = T (n−1) for n ≥ 1 and
The following sets were defined in [11] :
Remark 3.3.
(1) BAIH(0) is the set of hyponormal operators.
(2) BAIH(1) := {T ∈ L(H) : T is a hyponormal operator} and thus all semi-hyponormal operators are in BAIH(1). (3) BAIH(2) contains all w-hyponormal operators.
We will prove the following result on subscalarity in this class of operators.
(1) T has the property (β m,2k+2 ) for every m ≥ 2k + 2.
(2) T is subscalar of order 2k + 2.
Proof. As T (k) is hyponormal, it has the property (β m,2 ) for every m ≥ 2 by Proposition 2.6. Now, by Corollary 3.1, T (k−1) has (β m,4 ) for every m ≥ 4. Repeating the same argument, we find that T (1) has (β m,2k ) for every m ≥ 2k. Thus T = T (0) has (β m,2k+2 ) for every m ≥ 2k + 2 and so it is subscalar of order 2k + 2 by Theorem 2.9.
As a corollary, we obtain some well known results of [10] and [14] . Proof. If A is a w-hyponormal operator, then A is in BAIH (2) and we obtain the result from Proposition 3.6. Now, we recapture the result obtained in [12, Theorem 3.3] . Recall from [15] that an operator T is said to be p-quasihyponormal for 0 < p < 1 if T * [(T * T ) p − (T T * ) p ]T ≥ 0.
Corollary 3.8. Every p-quasihyponormal operator is subscalar of order 6 if 1/2 ≤ p ≤ 1 and of order 8 if 0 < p < 1/2.
Proof. It was shown in [12] that a p-quasihyponormal operator has the decomposition given in Corollary 3.7, with A a p-hyponormal operator.
